INTRODUCTION
The bend channel is the basic component of meandering rivers. Mostly bend channels of meandering rivers are mild. Many studies have focused on mild bend channel flow structures and show that the secondary flow (Prandtl's first kind of secondary flow) leads to higher velocities in the inner bend and lower in the outer bend. Secondary flow caused by flow curvatures would bring transversal sediment transport and eventually river meandering and migration. Engelund 1) developed an analytical secondary flow model based on the local balanced momentum equations, which can obtain second approximation by considering streamwise inertia in depth averaged equations, and erodible bed configuration in bend agrees well with experimental observations. de Vriend 2) ignored the advective (nonlinear) effect of secondary flow on main flow, has developed a secondary flow model with vertical profiles of second approximation, which embedded in a depth average numerical model. Ikeda and Nishimura 3) developed an analytical model using small perturbation approach and established the existence of a phase shift (lag effect) between the secondary flow and channel curvature induced by downstream convection of secondary flow. Jahannesson and Parker 4) also used small perturbation approach and analyzed that this lag only be accounted in experimental flumes but not in mildly sinuous natural rivers.
There is an increasing number of river reaches that have been changed under the presence of human activities and their flow direction is constrained by man-made training works, with the bends becoming sharp, such as Lower Yellow River. Sharp bend channel has a few differences compared with mild bend channel, which have important effects on river meandering. More and more attention has been paid on the strong nonlinear effect by sharp bend flow. Advances in measurement uncovered details of sharp bend structures. Blanckaert and de Vriend 5) reported that there is a smaller counter-rotating circulation near the outer bank which arouses from centrifugal force and anisotropic turbulence. The secondary flow influence on the mainflow is more significant. Numerical modellings are very efficient to deal with this complicated flow problem. Blanckaert and de Vriend 6) proposed a nonlinear model for secondary flow by accounting for its feedback with main-stream. Transverse advection effect is not considered for simplification. Later, Blanckaert and de Vriend 7) implemented this model in 1D (one-dimensional) flow simulation. Hosoda et al 8) built a secondary flow model by introducing the definition of secondary flow strength (Uh/R, U: depth averaged stream-wise velocity, h: depth, R: curvature radius) and solving its transport equation. This nonlinear model considers feedback from secondary flow to mainstream but the secondary flow profile is generated from a predefined mainstream profile. Onda et al 9) and Kimura et al 10) numerically proved that this method has ability to model the lag of development of secondary flow behind the streamline curvature and the deformation of streamline velocity profiles affected by secondary flow. Bernard and Schneider 11) developed a secondary flow correction by solving stream-wise vorticity transport equations. Vertical distribution of velocities can be considered partially in this vorticity method. Uchida and Fukuoka 12) employed a cubic vertical velocity distribution and non-hydrostatic pressure.
Existing secondary flow models are mostly relied on various simplified vertical distributions of stream-wise velocity which only partially response to the calculation conditions. In this paper, a new secondary flow model for depth-averaged 2D (two-dimensional) model is proposed by solving vertical distribution of velocities (2D+1D) and tested by comparison with other two models. The three dimensional bend flow problem is split up into two simple problems, one being two-dimensional (2D) depth-averaged flow equations and the other one being vertical distribution (1D) of the dependent variables. The interactions between the depth averaged variables and their vertical profiles are included. However, the vertical distribution is solved without vertical discretization. This approach is similar with de Vriend's approach 2) though the determination of vertical profiles of variables is more numerically based with less assumption.
OUTLINE OF THE PROPOSED 2D+1D MODEL
This 2D+1D model contains two parts: a depth averaged 2D model, in which two horizontal velocity components and water elevation can be solved directly if the secondary flow effects are ignored; nonlinear secondary flow model, which determines the vertical profiles of horizontal velocity and the secondary flow terms.
(1) Governing Equations for depth averaged 2D model
The depth-averaged 2D model employs Nays2DH solver (iRIC software, 2015) added with secondary flow terms. Nays2DH is developed by Prof. Shimizu of Hokkaido University and Prof. Takebayashi of Kyoto University. Turbulence viscosity is solved using depth averaged 2D k-epsilon model.
Continuity equation:
Momentum equations:
with horizontal diffusion terms: 
The secondary flow terms or dispersion stresses are deduced from integration of horizontal momentum equations in natural coordinate system 7) and transformed into curvilinear coordinate system. The momentum equations used for dispersion stressed derivation are in conservation form while equations (2) and (3) are in nonconservation form. Here these two kind forms are only different in numerical stability. The secondary term expressions only use depth averaged velocity and are different from Onda et al model which uses the product of depth averaged velocity and secondary flow strength. 
where u s with overline: depth-averaged velocity in mainstream direction, φ: the angle between mainstream direction and x-axis. Secondary flow term coefficients c sn and c n2 are from depth integration of the shape function product. 
,,
where ζ=z/h: relative elevation, f s , f n and f z : vertical profiles of horizontal velocity components and vertical velocity, which require a closure model, u s and u n : mainstream velocity and secondary flow velocity, w: vertical velocity.
(2) Nonlinear secondary flow model
In a streamline natural coordinate system (s-n coordinate), water flow momentum equations can be expressed by equations (10a) and (10b) (see also Kalkwijk and 
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Horizontal velocity components are formulated by using depth averaged streamwise velocity values multiplied by vertical distributed shape functions. Assume that shape functions are expressed in third-order polynomials approximately for horizontal velocity component, and vertical velocity shape functions are fourth-order polynomials with zero-order term is zero. 
In future, we will try using nonhydrostatic pressure method because vertical velocity effect is very important in shape bend flow and at the sidewall. Taken equations (11a) -(11c) into (10a) and (10b), eight transport equations about the shape function coefficients are deduced by conservation of every power coefficient. Here we just show the expressions using shape function as equations (13a) and (13b). 
Advection terms in these two equations will bring higher order polynomials. To minimize error brought by deleting higher order polynomials, 0 th to 3 rd order polynomials from projection of 6 th to 4 th order polynomials using orthogonal functions of range 0-1 is added.
Orthogonal polynomial functions of range 0-1 within 6 orders are as follows 
High order coefficients in expressions (11) should be considered their effects in lower order coefficients. High order polynomials from advection terms are tackled as following. For polynomial 
Using formula 14, its projection on 0 th to 3 rd polynomial is as following. 
Equations (13) and (14) are solved by split mode
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and for no vertical grids are divided, vertical diffusion terms are talked in an analytical way. We assume that viscosity is constant in vertical direction and express diffusion problem in the following format (18). 
With setting boundary conditions and initial conditions, this one dimensional diffusion problem can be solved by method of separation of variables. 
(3) Numerical algorithm
The numerical algorithm of 2D+1D follows the sequence as:
1. In the beginning of every time step, depth averaged 2D model is solved with the secondary flow terms at the last time step. An explicit scheme with mode splitting is used with a small time step. Water surface elevation is solved simultaneously with the resistance, pressure and secondary flow terms of the horizontal momentum equations by iteration while advection terms of CIP scheme and diffusion terms are solved independently.
2. Depth averaged variables are then employed in secondary flow model. For numerical stability, a lager viscosity (ten times) was used for horizontal diffusions of shape equations. Variable profiles are integrated to get secondary flow term in 2D momentum equations for next time step.
This nonlinear secondary flow model considered the secondary flow effect on the vertical distribution of streamwise velocity and the inertia effect of the secondary flow strength. We consider the two other models for comparison as following.
Model Nays2DH: depth averaged 2D model without secondary flow effects, equations (1) 
Experiment
The sharp bend experiment by Blanckaert 14) was used for model evaluation in this paper. The flume consists of a straight inflow of 9 m, a 193° curved bend and a straight outflow of 5 m, as shown in Fig.1 . The curvature radius of the bend centerline is R=1.7m. The width of the channel is B=1.3m and the lateral walls are vertical and hydraulically smooth. We select one steady case of water depth of 0.159 m, discharge of 0.089 m 3 /s. The horizontal bottom is hydraulically rough with the Manning coefficient of 0.0179. No friction resistance is considered in simulation for sidewalls.
All the simulations are run on a staggered grid with 130 X 20 cells with inlet and outlet shortened to 2.6 m (Fig.2) . Calculation time step is 0.02 s. Uniform flow condition is set at outlet and inlet boundaries. Fixed discharge (0.089 m 3 /s) is set at inlet boundary. For calculation, water surface depends on resistance and transverse momentum transport, so the velocity distribution is much more important. For water depth distribution, there is not obvious difference between these models and experimental result. Therefore, here we just show the comparisons of velocity profiles. Fig.3 shows the measured distribution of the normalized depth averaged streamwise velocity. The short flow route leads to acceleration close to the inner bend. Transversal pressure gradient strengthens this. At the same time, the streamline curvature induced a cross-sectional secondary, which shifts the larger velocity core toward the outer bank. These two mechanisms together generate the gradual outward shift of larger velocity core at a channel bend. The magnitude of normalized cross sectional maximum velocity at bend inlet is about 1.3, and decreases gradually to 1.05 before outlet, and then increases to 1.3 at outlet region. Outer bank region just after bend inlet and inner bank region after bend outlet have lower velocity of about 0.5. Fig.4 shows the normalized depth averaged streamwise velocity for Nays2DH. As only the longitudinal pressure gradient is considered without transverse momentum transport or secondary flow effect, the larger velocity core appears only region close to the inner bank of the bend. After the bend outlet, velocity shifting occurs due to the longitudinal pressure gradient change. Fig.5 shows the normalized depth averaged streamwise velocity for Onda's model. Around bend, outward shifting of larger velocity core occurs but is weaker than the measured result. Another larger velocity core occurs close to outer bank region, which is not shown in the experimental result. After the bend outlet, the flow becomes unstable. Fig.6 shows the result of the present 2D+1D model. Outward shifting of larger velocity core is much more obvious than other cases. The inner bank region at apex has much lower velocity than the measured result. This would be caused by an impropriated secondary flow mode for larger velocity gradient, and accordingly bring obviously stronger outward trend of velocity shifting than the measured result.
Comparison of outward shifting of larger velocity core is shown in Fig.7 . Large difference of flow structure between the result of Nays2DH and the experiment means that 2D depth averaged model without secondary flow effect is inapplicable for sharp bend flow prediction. Obviously weaker deviation of the mainstream from inner bank of Onda et al model than that of the experiment shows that Onda et al model is insufficient for strong nonlinear phenomenon in sharp bend. 
Discussions
For equations (13a) and (13b), polynomial functions are used and with the domain of relative elevation 0 to 1. The depth gradient is supposed to be small enough, so relative elevation is almost uniform horizontally in local region. Otherwise, this would cause obvious error for horizontal advections of momentum.
There is no physical meaning for domains of ζ<0 and ζ>1. In next step, we would try trigonometric functions, as its periodical nature can avoid the no 
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physical meaning domain. In the other aspect, analytical solution of vertical diffusion has to employ the form of trigonometric functions (equations (20a) and (20b)). Transformation processes (equations (21a) to (24)) can be avoided. Secondary flow model is developed on natural (s-n) coordinate system, while depth averaged 2D model is on curvilinear coordinate. Transformation between natural and curvilinear coordinate needs a lot of calculation. In next step, a secondary flow model based on the same generalized curvilinear coordinate with the 2D flow model would be much simpler.
The hydrostatic pressure assumption is applicable if the vertical velocity or its gradient assumed to be enough small. However, for the flow at a sharp bend, a vertical velocity is very large and non-hydrostatic pressure model is appropriate.
Onda et al 15) developed a similar model that employs 4 th polynomials for velocity profiles. One obvious shortcoming is that no surface boundary condition for horizontal velocity is considered in solving momentum equations. Vertical diffusion produces the nonlinear interaction between polynomial coefficients as shown in equation (18)-(24). Higher order coefficients effects of this kind on lower order coefficients is not included, so the higher order coefficients is not calculated directly by momentum equations in their model.
Conclusions
We proposed a new depth-averaged 2D numerical model with effect of the secondary flow of the first kind. The present model was applied to simulate the a open channel flow around a sharp bend, and the simulated flow structures are compared with the experimental result as well as different kind of secondary flow models. The computational results showed a large difference of flow structures between Nays2DH with the experimental result. That means a 2D depth averaged model without secondary flow effect is inapplicable for sharp bend flow prediction. Obviously weaker deviation of the mainstream from the inner bank than the experimental result is observed in the computational result with the model of Onda et al. It means that the model of Onda et al is insufficient for strong nonlinear phenomenon at a sharp bend. Only the non-linear model could successfully simulate the mainstream deviation from the inner bank, which is observed in the experimental result. Therefore, we can conclude that at nonlinear secondary flow modelling is essential for simulations of sharp bend flows.
For the present 2D+1D model, nonlinear interaction between streamwise velocity and secondary flow can be considered and vertical distribution of horizontal velocities can be solved. The present computational results implied that the proposed model is a powerful tool to predict and analyze open channel flows around sharp bend.
